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1. INTRODUCTION 
Oscillation theory of delay differential equations has drawn extensive attention in recent years. 
We refer to the monographs [l-3]. One type of these equations which appeared in several studies 
is the linear delay differential equation 
where p E C((to,oo), [O,oo)),~(t) < t, and limt,, 7(t) = co. It is well known (see [1,4]) that 
every solution of (1) oscillates provided that 
J 
t 
lijnnf 
r(t) 
p(s)ds > ;? 
which is a sharp sufi%ient condition and has been extensively exploited in the study of the 
oscillation of various functional differential equations. See [l-3] and the references cited therein. 
There are several papers related to the improvement of condition (2). Elbert and Stavrou- 
lakis [5] and Li [S] established sharper sufficient conditions for the oscillation of (1) under the 
assumption 
J 
t 
p(s)ds 2 a. (3) 
70) 
In fact, Li sssumed in addition that 7(t) = t - 7, while Elbert and Stavroulakis proved a stronger 
result which included general 7(t). As one can see from the examples given in [5,6], that the case 
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where 
J t lim t-bm r(t) p(s) ds = 5 
fit. In a different direction, Erbe and Zhang [7] proved that (1) is oscillatory if 
+ J t a = litm gf r(t) p(s) ds I ; 
and 
-4 J 
t 
m = litm kf 
T(t) 
p(s)ds > 1 - $ 
Later, these conditions were improved by Yu et al. [8, Theorem 21 (also see [9, Lemma l]), to 
1 
al- and m>l- 
l-a-Jl-2a-a2 
e 2 
We remark that condition (5) fails in the case when (4) holds. 
In this paper, new sharper sufficient conditions for the oscillation of (1) are established which 
improve the aforementioned results in [5,6] by relaxing condition (3). Our results also fit the 
case where (4) holds. In the case when a I l/e, we give an example for the comparison with 
condition (5) and obtain the oscillation of all solutions which cannot be obtained by condition (5). 
In connection with the delay function 7(t) in (l), we assume that r(t) is strictly increasing on 
[to, oo), limt+oo r(t) = cc and its inverse is r -l(t)(r-l(t) > t). Let rSk(t) be defined on [te,oo) 
by 
r-k-i(t) = 7-l (r-“(t)) ) k = 1,2,. . . . P-9 
The coefficient p(t) is assumed to be a piecewise continuous function. Throughout this paper, we 
define the sequences (pk(i!)) and {pk(t)} of fhCtiOE3 as follows: 
J t PlM = P(S) ds, t L +(to), r(t) 
J t Pk+l(t) = P(s)Pk(s) ds, t 1 T-k-‘(t,,), k = 1,2,. . . , r(t) 
and 
J r-‘(t) z%(t) = P(S) ds, t 2 to, t 
pk+l@) = J r-l(t) P(s)fjk(s) ds, tzto, k= 1,2,... . t 
As is customary, a solution of (1) is called oscillatory if it has arbitrarily large zeros. Otherwise, 
it is called nonoscillatory. 
Our main results are as follows. 
THEOREM 1. Assume that there exist a 61 2 to and a positive integer n such that 
and 
(7) 
(8) 
Then, every solution of (1) oscUates. 
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COROLLARY 1. Assume that there exists a pasitive integer n such that 
lixnl~fp,(t) > -$ 
1 
and lin&fjQt) > en. (9) 
Then, every solution of (1) oscillates. 
By the inequality e2 2 zr + 1 for z 2 0, we have the following. 
COROLLARY 2. Suppose there exist 8 I?O 2 to and 8 positive integer n such that (7) holds and 
lz(*,p(t) [e.-Lp.(t) - i] dt = 00. (IO) 
Then, every solution of (1) oscillates. 
Before we prove Theorem 1, let us first show, by means of an example, that our results improve 
the aforementioned results in [5,6,&g]. 
EXAMPLE 1. Consider the delay differential equation 
s’(t) + $1 + sint)z(t - 7r) = 0, t 2 0. 
By a simple calculation, one can obtain 
PI(t) = & - 2cost), 
pz(t) = &2 (x2 - 27rcost - 4sint), 
p3(t) = &3 [r3 -2x-(27r2-8)cost-47rsint], 
p4(t) = & [~4-4~2-2(rr3-6?r)cost-4((1r2-4)sint], 
limgfpr(t) = & 
[ 
x4-4~~22 (+661~)~+4(1r~ j/T] > f, 
and 
g%(t) = &r + 2cost), 
#2(t) = &(a2+2*cost-4sint), 
(11) 
$3(t) = & [x3 -2n+(2r2-8)cost-441rsint], 
@44(t) = & [7r4 - 4n2+2(?r3-6?r)cost-4(?r2-4)sint], 
liIr~fp4(t) = & r4-4n2-2dm] >$ 
Therefore, we may conclude from Corollary 1 that every solution of (11) is oscillatory. The same 
conclusion, however, cannot be inferred from the results by Elbert and Stavroulakis [5] and Li [6], 
since condition (3) does not hold. In addition, from 
+ s t a = litmkf t-u p(s) ds = $(7r - 2) 
and 
J 
t 
m = limsup p(s) ds = 
t-m0 t__n &+2), 
it is easy to obtain that 
2m-l-a<JZ, 
which shows that condition (5) does not hold for (ll), and so the results by Yu et al. [8,9] also 
cannot be applied to obtain the oscillation of (11). In fact, to the best of our knowledge, the 
above example does not satisfy the oscillation conditions in the literature. 
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2. PROOFS 
In this section, we give the proof of Theorem 1. Our derivation is based on the integral iterative 
methods. 
PROOF OF THEOREM 1. Assume, for the sake of contradiction, that z(t) is a eventually positive 
solution of (1). Then, there exists a & > &J such that 
Set 
w(q = x(T(t)) 
x(t) ’ 
t 2 &). 
Then, u(t) 2 1 for t 2 &. From (l), we have 
x’(t) 
z(t> + m4> = 09 t 2 4. 
02) 
(13) 
Let i!k = Fk (I$), clearly tk -+ co as k 4 co. Integrating the both sides of (13) from T(t) to t 
yields 
J t In z(t) - In 5(7(t)) + p(s)w(s) ds = 0, t 1 t1 r(t) 
or 
41 = exP (&w4sw) I 
By the inequality ec 2 ec, we get 
t 2 t1. (14 
J t 4) L e PbMS) ds, tzt1. r(t) (15) 
Set 
we(t) = w(t), t r B, t 
wi(t) = J P(S)Wi-l(S) d4 t 1 ti, i=1,2 12, (16) ,*--9 r(t) 
and 
vo(t)7 = v(t) = w(t) - 1, t>t, t vi(t) = J ~(4+rb) ds, t 2 ti, i=1,2 (...) n. (17) r(t) 
From (15) and (16), one can easily obtain 
w(t) 2 enelwn-l(t), t 2 tn-1, (18) 
and so by (14), 
( J 
t 
w(t) 2 exp en-’ p(s>wn- l(s) ds , t 2 tn. (19) 
r(t) 
hm W, (17), and the definition of pi(t), one can get 
J 1, P(S) b-1 (8) - Q-I(S)] ds = Pi(t), 5=1,2 ,...) It. 
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Therefore, one can rewrite (19) in the form 
( J 
t 
w(t) 2 exp en-’ p(s>v,-l(s) ds + e”-‘p,(t) 
r(t) 
p(s)~,_~(s) ds + i t 1 t,. 
Again, using the inequality ec 2 ec, we get 
(J 
t 
w(t) L en p(s)v,_l(s) ds + 1 t L t,, 
r(t) 
which together with (7), yields 
[J 
t 
2 p(t) en p(s)v,,_l(s)ds + 1 
r(t) I[ ( 
exp en-h,(t) - i - 1 
> 1 
2 p(t) exp [ ( e”-‘p,(t) - f - 1 , > 1 t>tn, 
and so by (17), 
p(t) [v(t) - e%(t)] 2 p(t) en-h(t) - i > 1 - 1 , t 2 t,. 
Integrating both sides of (20) from t, to T > Tsn(t,), we find 
J T p(t) [v(t) - envn(t>] dt L L lrp@) [exp (enslpn(t) - i) - 11 & 
which together with (8), implies that 
-J T *m, p(t) [v(t) - e’%,(t)] dt = 00. t, 
Let 
G(t) = 7(t), +(t) = 7 (7yt)) , i=2,...,n. 
Then, by exchanging the integral order, we have 
J T en p(t)vn(t) dt = en f&a 1; p(t) dt /:,t, p(sh-l(s) ds 
2 en 
J 
T(T) r-l(e) 
P(S)V~-I (s) ds p(t) dt 
t* J 8 
r(T) t 
=e n 
J 
rW% (4 dt 
J 
p(s)vn-2(s) ds 
t, r(t) 
J 
7’ (T) 
2 en P(s)+z(s) ds 
t, J 
T-l(d) 
p(th 0) dt 
* 
r’(T) 
=e n 
J 
p(t)fi(W-2(t) dt 
t, 
(20) 
(21) 
58 J. SHEN AND X. TANG 
Thus, 
J T J T J t”(T) p(t) [v(t) - e%(t)] dt 5 PWW dt - PWtt) dt t* &l tn 
J T = NW 4 +‘(T) 
which together with (21) yields 
J T lim T+oo r”(T) p(t)v(t) dt = cm, (22) 
and so either 
or 
J T lim T-+oo r”(T) p(t) dt = oo (23) 
lim sup v(t) = 00. 
t-+ca 
If (23) holds, then 
J t lim sup p(s) ds = 00. t-m r(t) 
(24) 
By a known result in [l], we see that every solution of (1) oscillates. In the case when (24) holds, 
one can easily get 
liFzpw(t) = 00. (25) + 
On the other hand, from (l), we have 
J t w - 4TW) + PIT) ds = 0, eh r(t) 
andso 
J t 4W) > PW(W & t > i(). T(t) (26) 
By successively substituting (n - 2) times and using the decreasing nature of z(t), one obtains 
J t dT@)) > ~t~)~n-a(~hdO)) ds, t 2 L-l, T(t) 
and so, 
Z(M) > 4M)Pn-l(% t 2 &_I. 
From (9), one can easily see that for any t 2 t,, there exists a < E (T(t), t) such that 
(27) 
J t P(s)P~-I(s) h 3 & T-w anti e J t p(sh-l(s) ds 1 &. (28) 
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By integrating both sides of (1) over (t, t) and (t, ~-l(t)), respectively, we find 
x(t) - x(E) + itP(s)+(s)) d  = 0, t 2 t, 
and 
2 (7-l(<)) - z(t) + JT-1~c~p(s)z(7(s))dS = 0, t >t,, 
t 
which together with (27) and (28), implies that 
-45) + &x(‘(t)) < 0 and - s(t) + &z(O < 0. 
Thus, 
or 
w(t) < 4e2n, t 2 t,. 
This contradicts (25) and so the proof is complete. 
3. FURTHER DISCUSSION 
It is well known (see [1,2]) that the differential inequality 
x’(t) + p(t)x(7(t)) L O(2 01, t 2 to (29) 
has no eventually positive (negative) solution if and only if every solution of (1) oscillates. It is 
also known (see [l]) that the so-called advanced differential equation 
x’(t) - p(t)x (T-‘(t)) = 0, t L to (30) 
has the same oscillatory properties as equation (l), and that the differential inequality 
x’(t) - p(t)x (+(t,) 5 O(Z O), t 2 to (31) 
has no eventually negative (positive) solution if and only if every solution of (30) oscillates. This 
observation has been extensively exploited in the study of the oscillatory properties of solutions of 
various functional differential equations. Therefore, by applying the sharper sufficient conditions 
obtained in this paper, we expect many of the results in the literature can be improved. As the 
first application of the results in this paper, we consider a neutral differential equation of the 
form 
where 
[x(t) + P(t)x(t - T)]’ + Q(t)z(t - o) = 0, t L to, (32) 
P E C([to,oW%Q E C(]to,oo), ]O>oo)), 7 > 0, u 1 0. (33) 
There are many known oscillation results of (32) in the literature. For example, see [2,3,10]. By 
the above observation and the results in this paper, we expect many of the results in the literature 
can be improved. As only a brief description, we give a new result as follows, which improves 
Theorem 3 in [lo]. 
THEOREM 2. Assume that -1 5 P(t) 5 0 and (33) holds, and that there exists a pasitive 
integer n such that 
limgf Qn(t) > -$ and lin&f&(t) > $ 
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where Qk(t) and &(t) are defined by 
Qk(t) = J” Q(4Q44 ds, t 2 to + ko, &o(t) = 1, t-u 
a&) = 1”‘” Q(S)&-I(S) ds, t>to, &o(t) E 1, k = 1,2,. . . . 
t 
Then, every solution of (32) oscillates. 
The proof of Theorem 2 can be obtained by Corollary 1 and the same methods as in the proof 
of Theorem 3 in [lo]. 
As the second application of the results in this paper, we consider the following neutral differ- 
ential equations with positive and negative coefficients: 
[z(t) - R(t)z(t - T)]’ + P(t)z(t - T) - Q(t)z(t - a) = 0, t 2 to, (34) 
where 
p, Q, 12 E C([to, 001, [o, m)), T > O,T,c7 2 0. 
The following result for the oscillation of all solutions of (34) was established in [ll]. 
THEOREM A. Assume that (35) holds and that 
(35) 
T.U>O, 
P(t) - Q(t -I- 0 - 7) 2 O(f 01, 
J 
t 
R(t) + Q(s)ds 5 1, for large t, 
t--7+u 
litm zf 
+ J t t-r [P(s) - Q(s + o - T)] ds > t. 
(36) 
(37) 
(38) 
(39) 
(40) 
Then, every solution of (34) oscillates. 
Our result is the following. 
THEOREM 3. Assume that r 2 u, and (35), (37), and (39) hold. Also assume that there exists 
a positive integer n such that 
1 
hrngf i%(t) > 2, -* lim~fRT&) > $3 
where I&(t) and &(t) are defined by 
Hk(t) = J t [P(s) - Q(s + c7 - T)] 1+ R(s - T) + t-r J .1,+. Q(u - T) du) h-l(s) d% 
t 2 to + kr, Ho(t) s 1, k = 1,2,. . . , 
&(t) = Jt+*p(sj - Q(s + u - T)] (I+ R(s - 7) + l;,,, Q(u - 7) du) &-l(s) ds, 
t 
t 2 to, Ro(t) I 1. 
(41) 
Then, every solution of (34) oscillates. 
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PROOF. Assume for the sake of contradiction, that equation (34) has the eventually positive 
solution z(t). Let 
y(t) = z(t) - R(t)+@ - r) - LI,,, Q(S)Z(S - a) ds. (42) 
Then, by Lemma 1 in [12], we have eventually y’(t) I 0, y(t) > 0. From (34) and (42), we have 
y’(t) = -[P(t) - Q(t + 0 - 7)]5(t - r) (43) 
and 
J 
t 
z(t) 2 y(t) + W)y(t - r> + Q(s)Y(s - 0) ds 
t-r+o 
Substituting the latter inequality into (43), we obtain 
y’(t) + [P(t) - Q(t -t u - T)] 
( 
1 + R(t - T) + LIT+. Q(s - 4 ds) Y@ - 7) I 0. (44 
By Corollary 1 and the above observation, we see that the inequality (44) cannot have an even- 
tually positive solution. This is a contradiction and so the proof is complete. 
We should remark that Theorem 3 is a substantial improvement of Theorem A. 
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